Detection of g-mode pulsations in subdwarf B (sdB) stars allows a rare test of how well stellar evolution theory can predict the interior properties of stars. Asteroseismology suggests He-CO cores of the order of ∼ 0.22 − 0.28 M , i.e. 40 % of the total stellar mass. Using mixing-length theory (MLT) without convective overshoot produces significantly smaller cores (∼ 0.1M ).
1. INTRODUCTION Convection is a major problem in stellar evolution. This complex process is replaced by a simpler heuristic model (mixing length theory, or MLT, Böhm-Vitense (1958) ) which is calibrated to various astronomical observations. It is now feasible to simulate convective flow in stars with sufficient resolution for it to be turbulent (Meakin & Arnett 2007; Arnett & Meakin 2011; Viallet et al. 2013) . These simulations suggest that significant modifications of MLT are required (e.g. inclusion of turbulent boundary layers, non-zero kinetic energy flux, turbulent heating, and composition effects).
With the increasing improvement of stellar observations and the introduction of new types of observations, it becomes possible to constrain the models and test the validity of the underlying physics. Here we begin such a process, focusing first on subdwarf B (sdB) stars, using the Modules for Experiments in Stellar Astrophysics (MESA) code (Paxton et al. 2011 (Paxton et al. , 2013 for comparison with observational contraints.
Subdwarf B Stars -General Introduction and
Observational Results Subdwarf B stars are hot (T eff = 20, 000 − 40, 000 K) and compact (log g = 5.0−6.2) stars that are found in all stellar populations of our own Galaxy as well as in other old galaxies. Located on the extreme horizontal branch (EHB), they are understood to be helium burning objects with very thin hydrogen envelopes (M H < 0.01M ) (Heber 1986; Saffer et al. 1994 ). While it is well known that they will directly evolve to become white dwarfs once their central helium is exhausted, the details and the relative importance of the various evolutionary channels leading to the EHB are still poorly understood. Numerous single and binary star scenarios have been proposed (Mengel et al. 1976; Castellani & Castellani 1993; D'Cruz et al. 1996; Han et al. 2002 Han et al. , 2003 .
Many sdB stars exhibit stellar pulsations, the shorter (100−400 s) pressure(p)-mode pulsations found in hotter V361 Hya stars (Kilkenny et al. 1997 ) and the longer (2000 − 14000 s or longer) gravity(g)-mode pulsations in cooler V1093 Her stars (Green et al. 2003) , or both, in hybrid pulsators called DW Lyn stars (Schuh et al. 2006) .
Pulsational frequencies derived from light curves of pand g-mode sdB pulsators using ground-based as well as space-borne (i.e. CoRoT and Kepler) instruments have been analyzed by asteroseismology. Using the forward method (e.g. Charpinet et al. 2008) , the parameters derived by asteroseismology, in particular total stellar masses, surface gravities and effective temperatures, agree remarkably well with measurements from other techniques such as light curve modeling of eclipsing binary systems or spectroscopic analysis Green et al. 2011) .
Asteroseismology of g-mode pulsators also provides observational benchmarks for the inner structure of those stars, e.g. the extent of the inner convection zone and the nature of the abundance gradient. Van Grootel et al. (2010a,b) and Charpinet et al. (2011b) recently reported that sdB He-CO convective core masses inferred for the first time from asteroseismology of three g-mode pulsators, M cc = 0.22 ± 0.1 M , M cc = 0.28 ± 0.1 M , and either M cc = 0.274 1 The asteroseismological analysis of Charpinet et al. (2011b) identified two equally probable solutions.
arXiv:1410.8204v1 [astro-ph.SR] 30 Oct 2014 stellar evolution, i.e. M cc ∼ 0.1 M . Since the forward method as implemented by both authors uses static stellar models covering a much larger range of parameter space than theoretical models along evolutionary tracks, their results are independent of evolutionary calculations.
This allows us to test the adopted physics in a state-ofthe-art stellar evolution code (MESA) against observational results, and to evaluate the success of MLT convection theory, using convective overshoot to enhance mixing.
For this paper we have calculated a series of sdB stellar evolution models to compare the extent of their inner convection zone to that inferred from asteroseismology. In Section 2 we explain the method of our stellar evolution calculations, in Section 3 and 4 we display our results and compare them to observations, and in Section 5 summarize our findings.
MLT, Semiconvection, Overshoot
Turbulent convection is an essential process of energy transport in stars. Macroscopic mass elements start to rise (or sink) in dynamically unstable regions, delivering their excess (or deficit) of heat to cooler (or hotter) layers and thus transport energy and material throughout the star. This is a non-linear process governed by the NavierStokes equation, and occurs on the dynamical timescale. MESA treats the mixing of convective elements as a "diffusive" process (Eggleton 1972) , based on parameters estimated from the mixing length theory (Böhm-Vitense 1958) as formulated by Cox & Giuli (1968) .
To estimate the extent of dynamically unstable regions, two criteria of stability are implemented in MESA. The standard Schwarzschild criterion,
and the Ledoux criterion, taking radial composition gradients ∇ µ into account,
where
1.2.1. Overshoot The term overshoot refers to the transport of energy and material across the boundary from the dynamically unstable region into the dynamically stable region. The additional mixing is calculated using the diffusion coefficent from the previous MLT calculations near the boundary layer and extrapolates it into the radiative region with an exponential decay, following Herwig (2000) . The additional term is referred to as the overshoot mixing diffusion coefficent,
where D conv,0 is the previously calculated diffusion coefficient at a user defined location close to the Schwarzschild boundary, λ P,0 is the local pressure scale height, and ∆r is the distance of overshoot into the radiative layer. The local pressure scale height is the exponential attenuation length for g-mode waves (Landau & Lifshitz 1987) , and it is assumed that overshoot falls off as wave energy. The free parameter f ov sets the extent of the overshooting region and needs to be adjusted by the user depending on the problem. In Paxton et al. (2013) an f ov -parameter of f ov = 0.004 to 0.015 was used to calculate models of a non-rotating 1.5M star. Herwig (2000) used an overshoot parameter of f ov = 0.016 for his study of 3M and 4M asymptotic giant branch (AGB) stars.
Semiconvection
The term semiconvection refers to a double diffusion process, due to gradients in temperature T and mean molecular weight µ inside the star. This occurs in regions unstable to the Schwarzschild criterion while stable to the Ledoux criterion. A phenomenological model of semiconvection by Langer et al. (1983) , treating the mixing again as a time-dependent diffusive process, is implemented in MESA. The diffusion coefficent due to semiconvection is
In this equation K = 4acT 3 /(3κρ) is the radiative conductivity, C P is the specific heat at constant pressure, ∇ L = ∇ ad + φ δ ∇ µ is the Ledoux term (which has both thermal and composition gradients), and α sc is an efficiency parameter. The efficiency parameter is adjusted for each physically different case in order to reproduce observations. Semiconvection and overshooting have distinct implementations in MESA, although they interact in hydrodynamic simulations.
STELLAR EVOLUTION CALCULATIONS
2.1. Subdwarf B Modelling using MESA The stellar evolution calculations were done with MESA (Paxton et al. 2011 (Paxton et al. , 2013 , to extend the results of Østensen et al. (2012) . MESA offers a variety of upto-date physics modules, including a range of convection descriptions, and is capable of evolving stars through the He-flash, a crucial part of the evolutionary path to sdB stars. The latter is modelled as a quasi-static process, with MLT mixing, as an approximation to the full dynamic process.
It was our goal to devise a simple model that allows us to focus on the inner convection zone of the star, so that we used standard values and descriptions for the other areas of input physics. These include an atmospheric boundary condition of τ = 2/3, a mixing length parameter of α MLT = 2 and the default opacity option using the OPAL type I opacity (Iglesias & Rogers 1993 , 1996 tables with fixed metal distributions.
For comparison, we also used the OPAL type II opacity tables in a few cases. They allow time dependent variation of C and O abundances independent of the initial metal distribution and therefore give a better approximation of the appropriate opacities for helium burning stars. Since the differences between the type I and type II opacities have a negligible effect on the size of the core convection zone, we were able to use OPAL type I opacity tables for most of our calculations. However, as shown below, the opacities do make a difference for the evolutionary paths in the log g − T eff diagram.
We selected a nuclear network designed to include all reactions for hydrogen and helium burning. Since wellstudied (i.e. nearby) sdB stars mostly belong to the field population of the old galactic disk (Saffer 1991; Saffer et al. 1994 ) and because their progenitors appear to be preferentially metal-rich (see Section 3.2), we chose Z = 0.02, Y = 0.28 and X = 0.70 for representative disk population abundances. We used the Reimers wind scheme (Reimers 1975 ) with η Reimers = 0.5 on the red giant branch (RGB). For the post-EHB phase we used the Blöcker wind scheme (Blöcker 1995) with η Blocker = 0.5. Table 1 summarizes the physics options we used for our models. MESA calculates the enthalpy flux from standard mixing length theory (Cox & Giuli 1968) , using either the Schwarzschild or Ledoux stability criterion. With the latter, semiconvection may be included (Langer et al. 1983 ). Convective overshoot is implemented according to Herwig (2000) . Our initial investigation of the effects of semiconvection on the convective cores of sdB stars showed that semiconvection has little effect on the convective core sizes. We therefore used a constant value of α sc = 0.02 in all simulations using the Ledoux criterion for stability. 2.2. Our Method We focused on sdB stars that have evolved from solar type stars in binary systems through the common envelope (CE) or the Roche lobe overflow (RLOF) channel (Han et al. 2002) . These apparently very common scenarios are believed to happen in binary systems where the companion strips away the hydrogen envelope of the expanding progenitor star as the latter evolves toward the tip of the RGB. When most of the red giant envelope is removed, hydrogen shell burning is quenched, the He-core stops growing, and the star begins to contract away from the RGB. If the helium core is sufficiently massive for the contraction to trigger helium ignition, the star will evolve onto the EHB and begin burning He in its core as an sdB star.
To keep our models simple, we simulated the effect of binary mass stripping by removing the envelopes of nonrotating single stars. Both spectroscopy (e.g. Heber et al. 2000) and asteroseismology (e.g. Randall et al. 2007; Baran et al. 2012) indicate that sdB stars are generally slow rotators, except those that have been spun up to some degree by a binary companion. Our assumption that rotation does not play an important role even in the interiors of sdB stars is based on asteroseismic evidence suggesting rigid rotation in both binary and single sdB stars Pablo et al. 2012; Charpinet et al. 2011a) .
As a first step, we created pre-main-sequence (PMS) models. These models are specified by their initial mass M ini , a uniform composition, a luminosity and a central temperature (T c = 9 × 10 5 K by default). Once the PMS routine found the central density ρ c that gives the model the desired mass, we evolved the star up to the point of the He-flash. Just before the flash occurred, we saved the structure as our sdB progenitor model. It is important to realize that our procedure provides an upper limit to the He core mass of the resulting sdB star, since the progenitor could have been stripped prior to the He flash when the He core mass was up to ∼ 0.02M smaller and it would still have evolved onto the EHB (D'Cruz et al. 1996) .
In a second step, we stripped away mass from the sdB progenitor model beginning with the outermost cell using the relax mass option of MESA. This option ensures that the mass of the star is adjusted to the specified value of new mass. The mass loss occurs in a series of small episodes until the requested new mass is reached. Then the code begins the actual stellar evolution toward the zero age EHB (ZAEHB). Mass loss continues to occur between the RGB tip and the ZAEHB. Using this method, we reduced the hydrogen envelope down to typical values for sdB stars in the range of M H = 10 −4 to 10 −3 M . This simple mass loss procedure differs from the real dynamics to the extent that it is modelled as a quasistatic process. The full 3D time-dependent hydrodynamics for a binary star over evolutionary timescales is beyond the capability of modern computation at present. Therefore, following Østensen et al. (2012) ; Dorman et al. (1993) , we adopted a more tractable approach.
The evolutionary tracks of sdB stars are mainly influenced by two factors, the mass of the He core after the envelope has been stripped, and the amount of remaining hydrogen envelope. As seen in previous studies (Dorman et al. 1993; Han et al. 2002) , the initial mass of the progenitor star, M ini , determines the mass of the He core at the He flash and therefore the approximate total mass of our sdB stars, subject to a very small dependence on composition. For ages appropriate for old disk stars ( 10 Gyr), the more massive the progenitor star, the earlier the star begins helium fusion and thus the less massive the He core that can be achieved. For a given He core mass, the tiny envelope mass is decided by the parameter M new , the new stellar mass after stripping off the envelope. Qualitatively speaking, the more massive the sdB envelope, the lower the effective temperature and the surface gravity. In our extensive set of calculations, we varied the initial mass between M ini = 1.0 to 2.5 M and the new mass parameter between M new = 0.475 to 0.485 M .
SDB MODELS WITHOUT CONVECTIVE
OVERSHOOT In this section we compare the results of our sdB modelling with observational data and with other stellar evolution calculations. We created a range of sdB models using standard MLT and the Schwarzschild criterion to explore the effects of varying the initial mass, M ini , and stripped mass, M new , on our sdB models. We will show that our models reproduce previous calculations of sdB stars and discuss our results. The black (red) triangles intersect the lines in intervals of 10 7 years, depicting the region where most sdB stars should be found. The dashed lines show the ZAEHB's for our evolutionary models of M ini = 1.0 M . The upper (blue) ZAEHB using OPAL type II opacities is closer to the distribution of data points than the lower (red) ZAEHB using OPAL type I opacities. The small black dots are spectroscopic data points for sdB stars from Green et al. (2008) . The black diamonds and black squares were derived from eclipsing binary and asteroseismology analyses, respectively (Fontaine et al. 2012 ).
The distances to field sdB stars are only approximate, so luminosities cannot be accurately calculated. However, since effective temperatures and surface gravities can be inferred from a variety of methods and the masses of most sdB stars are very similar, it is instructive to use the log g − T eff diagram instead of the HR diagram. Figure 1 shows the ZAEHB (lower dashed line) and evolutionary tracks (solid lines) for our initial models with OPAL type I opacities, compared to observed data from spectroscopy (Green et al. 2008) , binary modeling and asteroseismology (Fontaine et al. 2012) . The tracks only cover the period of helium core burning, when the star is characterized as an sdB star. A second set of tracks was constructed later using the OPAL type II opacity tables; for simplicity, only the corresponding ZA-EHB (upper dashed line) is shown in Figure 1 . The two sets of models have the same progenitor model and were evolved from the same stripped masses; they differ only in the opacity option that was selected. Figure 1 shows that we can reproduce the characteristic hook-shaped sdB evolutionary tracks, corresponding to stable helium core burning, as well as the shape of the ZAEHB. Our MESA EHB evolution tracks, like those of Østensen et al. (2012) , are offset by some combination of lower T eff and/or higher log g with respect to the observational data points. It is clear that the type II opacities are an improvement over the type I opacities. However, since the extent of the inner convection zone is insensitive to the adopted opacity option, we continued to use the type I opacities for our simulations with overshooting, in order to be able to directly compare with our more extensive first set of models. Table 2 . The sdB mass, the total mass of hydrogen, and the extent of the inner convection zone of the sdB star are averaged over the time of helium core burning (the sdB lifetime).
The offset of our sdB tracks relative to the observational data points appears to be a consequence of both the opacities that were used and the mass of the He core (or equivalently, the sdB mass), since both affect the total luminosity. Although the use of appropriate opacities is necessary for modelling the atmospheric properties of sdB stars, the models show that they have no discernable effect on the size of the convective core.
We also ran additional sets of simulations for sdB stars with M ini = 2.3 and 2.5 M progenitors (not shown). Their helium core masses are even less massive and thus the ZAEHB and sdB evolutionary tracks are shifted to even lower temperatures/higher gravities. In these models the helium core mass is so low that the stars start helium fusion before the material in the helium core becomes degenerate.
Comparison with Other Evolutionary Models and
Observations We compared our results with older evolutionary tracks computed by Dorman for Charpinet et al. (2000 Charpinet et al. ( , 2002 in Figure 3 . The He core mass of Dorman's model, 0.4758 M , is higher than the highest He core mass that we could achieve with MESA's self consistent stellar evolutionary sequences, 0.464 M from an initial mass of M ini = 1.0 M , and thus his sdB tracks fit the observed spectroscopic data points somewhat better than ours.
Since we could not achieve an evolutionary core mass as high as Dorman did, for the same composition (see below), we used MESA to construct a ZAEHB starting from a He main-sequence star with a core mass the same as his, 0.4758 M , using Type II opacities. Figure 3 shows that this ZAEHB is completely consistent with the starting points of Dorman's sdB tracks. It is similarly consistent with the ZAEHB derived from static models computed by Fontaine (priv. comm.) which include gravitational settling and radiative levitation. MESA models with type II opacities are therefore quite capable of reproducing the positions of sdB stars in the log g − T eff diagram derived using other stellar codes, so long as the He core masses are the same.
According to a study of the empirical mass distribution of sdB stars (Fontaine et al. 2012) , the median value of the sdB mass is M = 0.471 M , with a range of 0.439 to 0.501 M containing 68.3% of the stars. The masses of our evolutionary sdB models lie within this range, but they are all somewhat smaller than the median of the observed distribution.
The He core mass on the ZAEHB is determined by the core mass at the point when the hydrogen shell burning is quenched near the tip of the RGB, whether it is extinguished prematurely by mass stripping or by the onset of the He flash, and by the amount of hydrogen burning during the core flash. (Any mass loss occurring between Charpinet et al. 2002 ) with a MESA ZAEHB constructed using the same Hecore mass and OPAL type II opacities (thick black line/blue in the online journal). The latter agrees remarkably well with the starting points of Dorman's tracks. We also show MESA ZAEHB's (dashed lines) and terminal age horizontal branches (dot-dashed curves) using the OPAL I (black/red) and OPAL II (grey/blue) opacities for M He−core = 0.47 M , close to the mean of the empirical mass distribution of sdB stars Fontaine et al. (2012) . The spectroscopic data points (dots) are the same as in Figs. 1 and 2. the RGB tip and the ZAEHB only reduces the amount of residual hydrogen envelope; uncertainties in the mass loss rates would merely shift the sdB along the ZAEHB appropriate to its core mass.) We therefore investigated the effects on the core mass due to the interplay of initial mass, initial composition and conditions during the He flash. The results are compiled in Table 3 .
As shown above, higher initial masses produce smaller He cores. Initial masses smaller than 1.0 M would produce larger He cores in the absence of winds. However, as seen in Table 3 , winds reduce the mass of the He core at the He flash for lower mass stars. If actual mass loss rates on the MS and RGB were much smaller than predicted by the Reimers formula as implemented in MESA (with a coefficient of 0.5), initial masses lower than 0.9 M would produce slightly larger He core masses. However, since stars with M ini less than about 1.0 M would not have had time to evolve to the RGB tip in the lifetime of the galactic disk, varying the initial masses of the MESA progenitor stars does not help produce sufficiently large He cores to match the characteristics of observed sdB stars.
Next we looked at the effect of different initial compositions. Table 3 shows that reducing the initial metallicity to Z ≈ 0.01 and the helium abundances to Y ≤ 0.26 would increase the He core masses to 0.470 − 0.472M , i.e. to the median mass of the empirical mass distribution. However, since we could not realistically account for He core masses much higher than M He−core = 0.475 M with composition changes alone, some other additional factor would still be required to produce model sdB stars corresponding to the upper half of the observed mass distribution.
Another point of interest is that even when sdB models are constructed to have He core masses of 0.470M , or even 0.4758M , the resulting ZAEHB's still appear to be somewhat low in the log g −T eff diagram. This is true for our models as well as for previous calculations. According to the empirical distribution, a third of the observed points in Figure 3 should have evolved from ZAEHB's corresponding to He core masses between 0.44 M and 0.47 M . Instead, even the type II opacity ZAEHB for M He−core = 0.47 M (upper/blue dashed line) itself appears to fall slightly below the lower envelope of the vast majority of observed points.
We infer sdB lifetimes of approximately 90 × 10 6 yrs for M ini = 1.0 M , and about 115 × 10 6 yrs for M ini = 2.0 M , in agreement with those of Charpinet et al. (2000) and Dorman et al. (1993) .
Most importantly, the extent of the inner convection zone for the displayed sequences is always about 0.1 M in mass coordinates. This is in strong disagreement with the values found by Van Grootel et al. (2010a,b) and Charpinet et al. (2011b) where the authors find convective cores of at least twice that mass.
Observational Constraints on Initial Masses and
Metallicites Our choice of a 1.0 M , solar composition progenitor for most of our ZAEHB models was based on available data for sdB stars in old open clusters. Unfortunately, it is not possible to derive ages and progenitor masses for individual field sdB stars, and their current atmospheric compositions are completely independent of their original metallicities due to strong diffusion effects in their extremely thin sdB envelopes. In general, since most wellstudied (e.g. nearby) sdB stars belong to the Galaxy's old disk population (Saffer 1991 ), all we know is that their progenitors must have been low mass stars less than about 10 Gyr old with metallicities greater than about 1/10 solar. More precise estimates of initial masses and metallicities can be obtained only for sdB stars that are members of clusters, and only two old disk open clusters are known to contain hot subdwarfs: NGC 6791 (5-6 sdB stars) and NGC 188 (one sdB). These also happen to be two of the oldest open clusters known, 8.3 Gyr and 6.2 Gyr, respectively (Brogaard et al. 2012; Meibom et al. 2009 ), as well as two of the most metal rich, 2.5 times solar metallicity (Z = 0.05) and slightly greater than solar metallicity (Z = 0.026) (Heiter et al. 2014) . NGC 6791 is a much more populous cluster, having four times as many normal helium core-burning red giant clump stars as NGC 188. The cluster turnoff masses, derived very precisely from eclipsing binaries, are 1.087 and 1.103 M , respectively. The ZAMS masses of the currently observed sdB progenitors would have been a few hundredths of a solar mass larger.
It turns out that NGC 6791 and NGC 188 are also the only two well-studied clusters with ages 6 Gyr and greater than solar metallicities. However, there are sufficient data available to compare the statistics of sdB stars in open clusters that are either comparably old and more metal poor, or younger and comparably metal rich, or both younger and more metal poor. While few open clusters have been definitively searched for hot stars at ultraviolet wavelengths (e.g. Carraro et al. 2013; Zloczewski et al. 2007) , the presence or absence of sdB's is obvious in many open cluster color-magnitude diagrams (CMD's), wherever the blue edge of the field star distribution is significantly redder than the colors of hot subdwarfs.
(Note that here we are concerned only with helium coreburning EHB stars, not fainter cataclysmic variables or other somewhat cooler objects sometimes suggested to be EHB candidates.)
We conducted a literature search of all well-studied old disk clusters having sufficiently deep CCD photometry to reveal faint sdB candidates and populous enough to have a distinct red giant clump (as a measure of the relative size of the cluster sample) and found the following results. There are no EHB stars in the CMD's of four old open clusters (Be 17, Be 32, Be 39, and Cr 261) with comparable ages to NGC 6791 and NGC 188 (5.5 to 9 Gyrs) and lower metallicities (0.004 <Z < 0.015). The combined red giant clump population in the CMD's of these four clusters is slightly larger than the red clump in NGC 6791 (Bragaglia et al. 2006; Tosi et al. 2007; Bragaglia et al. 2012; Gozzoli & Tosi 1996 ). CMD's of three other clusters (NGC 6819, NGC 6253, and NGC 7142) with similar metallicities to NGC 6791 and NGC 188 (0.025 < Z < 0.05) and younger ages (3 to 4 Gyr), having about the same total number of red giant clump stars as NGC 6791, also have no EHB stars (Jeffries et al. 2013; Kaluzny et al. 2014; Sandquist et al. 2013) . A sample of eight younger and even more metal poor clusters (Be 22, Be 31, Be 66, Mel 66; Tr 5, Be 29, M 67, NGC 224; 2.5 to 5 Gyr, 0.003 < Z < 0.006) (Fabrizio & Bragaglia 2005; Cignoni et al. 2011; Andreuzzi et al. 2011; Carraro et al. 2014; Kaluzny 1998; Tosi et al. 2004; Montgomery et al. 1993; Kaluzny et al. 2006 ) having a combined red clump population more than twice that of NGC 6791, contains a total of one, still unconfirmed, EHB candidate (in Mel 66, 3.4 Gyr, Z = 0.01; Zloczewski et al 2007) .
In other words, 15 old open clusters either somewhat younger and/or more metal poor than NGC 6791 and NGC 188 have produced, at most, a single sdB star, rather than the expected number of 20 or more such stars, if the fraction of hot subdwarfs was similar in all old disk clusters. This result cannot be explained by different dynamical loss rates of EHB stars relative to normal red clump HB stars as the clusters dissipated over time, because the large majority of field sdB stars appear to have been produced by binary evolution and thus their progenitor systems would in general have been heavier Table 3 shows that the initial masses inferred for the known sdB members of old disk clusters, 1.1 to 1.2 M , correspond to nearly the largest possible values of M He−core for a given composition at reasonable ages. Lower initial metallicity and/or lower helium could produce slightly larger core masses by the time of the He flash, but such compositions appear to be imcompatible with the statistics of sdB cluster members presented above.
Another very important consideration is that our models were evolved almost to the onset of the He flash before the envelope stripping was initiated. In reality, many or most sdB progenitors are expected to leave the RGB somewhat before the He core flash, when their He core masses are significantly smaller. The assumption that sdB stars lose the very last of their envelopes just at the moment when the He core flash is about to begin requires an unrealistic fine-tuning of the initial binary parameters. D 'Cruz et al. (1996) calculated that stars near the red giant tip with He core masses up to ∼ 0.02 M less than the He flash core mass can lose their envelopes and still become EHB stars.
Although the He core masses of our MESA sdB models are already too small compared to observations, it is clear that more realistic assumptions would reduce the ZAEHB He core masses even further, increasing the discrepancy with observations.
A Solution from Nuclear Astrophysics?
It might be thought that our inability to produce higher core masses is related to the net rates of the helium burning reactions which are used as defaults in MESA, indicating that these rates might need revision.
The mass at degenerate ignition is essentially a measure of the peak temperature, and insensitive to other parameters. In turn, the temperature at thermal runaway is sensitive to the effective reaction rate, including both nuclear and electron screening effects. Hoyle (1954) used this physics plus the core mass-luminosity relation to infer the existence of an excited state in 12 C (3α → 12 C, see §8.1, Arnett (1996) , for detail). Similarly we may expect a slightly lower effective rate to give a later helium flash, allowing the core to grow larger. Iliadis (2007)( §5.3.1) has reviewed the experimental situation regarding the rates of helium burning reactions. The triple-alpha reaction is not directly measured, but is thought to be reliably estimated (±35%) by indirect means for normal, non-degenerate conditions. The 12 C(α, γ) 16 O reaction is notorious for its experimental difficulty. The material of the He-core leading up to the He-flash is highly degenerate (so that the optimum bombarding energies are low and the reactions difficult to measure experimentally). Electron screening is enhanced, and the effective penetration energies for the coulomb barrier are lowered. Under these conditions, the effective nuclear reaction rates are least well constrained, but a factor of two decrease in these rates seems unlikely.
To test the sensitivity of core mass to reaction rate, we simply lowered the effective nuclear reaction rates for our stellar progenitor model. We decreased the effective nuclear reaction rates for the triple-α process and the nitrogen reactions by a factor of four, which led to a Hecore mass of 0.473 M (factor of two: 0.469 M ) for the M ini = 1.0 M model, bringing the He-core mass slightly above the median of the sdB mass distribution. This lies outside the estimated range of uncertainty in the reaction rates, and seems to be an unlikely resolution of the discrepancy in He core masses of sdB stars. Nevertheless, to be certain, we suggest further investigation of the effective nuclear reaction rates at helium flash ignition.
SDB MODELS WITH CONVECTIVE
OVERSHOOT In this section we investigate the discrepancy in convective core size between our stellar models and asteroseismology; we use convective overshoot to extend the convection zone of the sdB He-burning core.
We present two model sequences with varying amounts of convective overshoot to investigate the discrepancy between the convective core sizes of sdB star models and those inferred from asteroseismology. Our models explore convective overshoot, in addition to the Schwarzschild criterion and the Ledoux criterion with semiconvection. These model sequences are based on our standard sdB model (M ini = 1.0 M , M new = 0.48 M ). We varied the overshoot parameter f ov over a wide range and calculated for each different value a consecutive set of progenitor models leading up to the sdB star. Since overshoot is also active during the progenitor star evolution, small differences in helium flash mass are expected as well as different total hydrogen masses for the sdB star. All models that use the Ledoux stability criterion have used a semiconvection parameter of α sc = 0.02.
An increase in the overshoot parameter f ov directly effects the extent of the convective core. Table 4 shows this correlation, as given by the implementation of overshoot in MESA. To achieve convective cores as large as those determined by Van Grootel et al. (2010a,b) and Charpinet et al. (2011b) , we need the overshoot parameter f ov to be greater than 0.08. For reference, we note that overshoot parameters f ov ∼ 10 −5 to 10
have been used for 3 M stars and overshoot parameters f ov ∼ 10 −3 to 10 −2 for 1.5 M stars (Paxton et al. 2013) . Herwig (2000) suggested f ov ∼ 0.016 for stellar interiors in order to reproduce the models of Schaller et al. (1992) .
It is astonishing that we have to increase the overshoot parameter by at least an order of magnitude to reproduce values close to the results of Van Grootel et al. and Charpinet et al. The additional mixing (hence larger core and more fuel burned) necessarily extends the lifetime of these stars by a factor of 2 or more. In MESA it also results in a second phase of core helium burning as seen in Figure 4 . After core helium exhaustion, a helium burning shell ignites around M = 0.2 M , mixing burned material up and helium rich material down. This enriches the lower layers in helium, resulting in a series of downward-moving thermal pulses until the helium ignites in the core. The timescale of the second core helium burning phase is roughly ∼ 40 Myrs, which extends the life of the sdB star modelled in Figure 4 by approximately one third. 5. CONCLUSION 5.1. The Problem Our MESA sdB models reproduce the general properties of the ZAEHB and the characteristic hook shape of the helium core burning evolutionary path. We have demonstrated that MESA is fully capable of recreating previous theoretical EHB results, e.g. Dorman's models (Charpinet et al. 2002) , as long as we use Type II opacities and start with the same value for the He-core mass on the ZAEHB.
Nevertheless, full MESA evolutionary sequences using initial ZAMS masses and compositions appropriate for field sdB stars do not attain He-core masses at the red giant tip as large as Dorman's ZAEHB value, and do not even reach the smaller median mass of the empirical sdB mass distribution (Fontaine et al. 2012) . This is true even for models that are allowed to evolve all the way to the brink of the He flash. The fact that many sdB stars could lose their envelopes somewhat prior to the flash, when their He cores might be 0.01 to 0.02 M smaller, only makes it more difficult to reconcile the discrepancy in He core masses. Smaller initial masses than 1.0 M produce marginally larger He cores, but such low mass stars could not have evolved to the RGB tip within the lifetime of the galactic disk. Also, for realistic initial masses ( 1.0 M ), varying the amount of mass loss due to winds has a negligible effect on the core masses. Of all the initial parameters, only decreasing the initial helium fraction down to nearly the primordial level, perhaps combined with a decrease in metallicity, would sufficiently increase the He-core mass. However, such a composition is very unlikely for disk stars in general, and completely contradicts what little we know from sdB stars in disk open clusters.
Lowering the net nuclear reaction rates would prolong the pre-He-flash hydrogen shell burning and produce bigger He-core sizes. However, this would require a significant change in the reaction rates, beyond the present estimate of experimental uncertainty.
We further note that even in the case when the ZAEHB He core mass is constructed to be as large as 0.4758 M , neither our nor previously calculated models fit the distribution of sdB stars in the log g − T eff plane entirely well. As shown in Figure 3 , there are only a handful of observed points near or below the thick solid line of the T2, 0.4758 M He-core mass ZAEHB. Given the median mass of 0.471 M derived from observed sdB stars, we would expect more than half of the observed points to have evolved from ZAEHB's that fall below the thick solid line. The lower right-hand edge of the observed distribution seems too sparse for a good fit. Therefore, in addition to resolving the discrepancy in the evolutionary core masses, we believe that the opacities as well as other physics influencing the opacity throughout the star (e.g. gravitational settling and radiative levitation) will be important for any further modelling. They will influence not only the position but also the shape of the sdB evolutionary path.
Focusing on the inner structure, we find that the sdB convective cores calculated by MESA with the default parameters have less than half the mass of the cores derived from recent asteroseismic analyses. To explore possible causes of this discrepancy, we constructed two additional sets of models with varying amounts of overshoot plus semiconvection. An overshoot parameter of f ov > 0.08 is needed in both cases to make the stellar evolution models consistent with the results from asteroseismology. This is at least a factor of four larger than the biggest parameter previously assumed by Herwig (2000) and Paxton et al. (2013) . We found that such a dramatic increase in overshooting caused a second phase of helium core burning and extended the sdB lifetime by a factor of 2 to 2.5. It is not clear whether increasing the convective overshoot to this extent is physically self-consistent. We emphasize that a more complete description of turbulent convection is needed to calculate the extent of the convection zone according to physically motivated criteria; extrapolation to new conditions using an arbitrary parameter whose value varies widely for different stages of stellar evolution is uncomfortable. These are not shortcomings specific to MESA, but apply to stellar evolution calculations in general.
There is no combination which gives a plausible representation of sdB stars within the state of the art of traditional stellar evolution theory, which MESA represents at present. What is wrong?
A Possible Solution
The problem is not one of stellar structure (the necessary structure can be produced) but one of evolution of that structure in a natural and consistent way. Our difficulty arises when we require stellar evolution and asteroseismology to agree. The traditional way to deal with such problems is to introduce a patch with new parameters into a favorite computer code. We think such a response is no longer adequate, and misses an opportunity. The existing theoretical algorithms for convection and mixing in stars have been shown to be inconsistent with both 3D simulations and fluid dynamic experiments, and fundamental improvement is timely.
If we consider the possibility that the error is due to the convection algorithm presently in use, then there are several issues worthy of attention. (1) Turbulence is characterized by fluctuations of significant amplitude (Arnett & Meakin 2011; Viallet et al. 2013) . MLT is a steady state approximation to convection that ignores fluctuations. Since mixing is an irreversible process, fluctuations may enhance mixing (terrestrial erosion is dominated by "storm of the decade" fluctuations). (2) Traditionally the convective velocity is set to zero at the origin in a convective core by the stellar evolution code. In simulations, average flows have some qualitative similarity to their laminar equivalents (Saslaw & Schwarzschild 1965; Chandrasekhar 1961) show that solutions exist that have nonzero velocities at the origin. Numerical simulations which do not enforce zero velocities at the origin have nonzero velocities there (e.g., a dipole mode, toroidal flow). This error reduces the vigor of convective mixing. This is a specific example of a general problem of boundary conditions in stellar evolutionary codes. (3) The traditional algorithm uses ad hoc diffusion operators for advective mixing of composition and entropy. This is mathematically different from the physically correct advection, and is a likely source of systematic error. (4) There is no nonlocal physics in MLT and consequently no physics to define the nature of the boundaries of the convection zones (including the origin), so that the imposed conditions are necessarily ad hoc. For example, what happens when the boundary is closer than a mixing length? (5) Bressan et al. (2014) review the difficulties with mixing (convective overshoot); our problem with mixing algorithms may not be an isolated one. In particular, see their discussion of the history of problems with overshoot and mixing during the He burning phase (breathing pulses, nonlocal overshoot).
These limitations are likely to have implications for attempts to use asteroseismology based on traditional stellar evolution theory. The sdB stars are a well-observed challenge to stellar evolution, and as with the Sun (Asplund et al. 2009), issues arise when asteroseismological constraints are imposed.
The challenge for any new convection algorithm is to reproduce the observed stellar structures for all stellar masses and ages without the fine tuning of free parameters.
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